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Summary

The presence of censoring has hampered the graphical exploration of survival data. We present several
graphical approaches to the analysis of such data here, many based on functionals of the distribution
function and estimated using the Kaplan-Meier estimate of the distribution function. Topics covered

include comparing two samples, comparing many samples, and regression.

Introduction

Censored data arise in a variety of settings. For
the most part the analysis of censored data has
relied upon techniques which are not graphical in
nature. This paper discusses graphical methods
for the examination of censored data. First, the
comparison of two samples will be considered.
Such situations arise most frequently in the health
sciences where two freatments are to be com-
pared. The discussion of methods for covariates
with several levels and continuous covariates will
follow.

Much of this work is motivated by the papers
of Cleveland and McGill [1,2]. There is some
overlap with Gentleman and Crowley [3,4]; how-
ever, the intent is much different. As in
Gentleman and Crowley, the proposed methodo-
logy often arises from the use of a censored data
estimate of the distribution function. The plots
are thought of as functionals of the distribution
function and estimated using an estimate of the

distribution function. The search for graphical
methods will be tempered by the maxim that good
graphical methods are ones in which the message
of interest is easily and accurately perceived.

If one simply wants to determine whether the
survival times depend upon the covariate, there
are a variety of tests available. Kalbfleisch and
Prentice [5] and Cox and QOakes [6] give details
of a number of parametric and nonparametric tests
for a variety of hypotheses. However, if one is
unsure of the distribution of the observed data, it
would seem prudent to examine the data more
thoroughly. If the data are not subject to cen-
soring such an examination would be mainly
graphical in nature, since such an analysis usually
allows detection of unexpected relationships in the
data. We propose that when the data are subject
to censoring a graphical examination is also
warranted; however, there are few techniques that
have been proposed or used extensively. This
deficiency seems to stem from the fact that it is
often difficult to incorporate the censoring infor-
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mation in a sensible fashion. One may not rely
upon simply encoding the censoring information
into the plot symbol, since for individuals that
were censored we know only that the true failure
time is larger than the observed censoring time,
while for observed failures the exact time is
known.
Assume that the observed data are:
[(Zi’ 82 Kl:x

where #; is the minimum of the true failure time
and the censoring time §; is an indicator of
whether failure was observed, and z; is the pos-
sibly vector-valued covariate information. We
shall assume that the censoring times and the sur-
vival times are independent given the value of z.
Let F denote the distribution function of the
survival times, so that F(x) = P(X < x), and let §
denote the survivor function for the survival
times, so that S(x) = 1 — F(x). For data that are
subject to right censoring, the Kaplan-Meier [7]
estimate of the empirical survivor function is
given by:

where r; is the number of individuals at risk at
time f,. The Kaplan-Meier estimator reduces to
the empirical survivor function in the absence of
censoring. We shall also be quite interested in
estimating various quantiles such as the median.
The ¢ quantile of the distribution function F is
defined to be the smallest number & satisfying
F(£) = g. In terms of the survivor function the
g™ quantile is the smallest number & satisfying
SE)<1-gq.

Regression models for censored data are usual-
ly defined in terms of the hazard, or instantaneous
rate of failure. Two regression models that are
commonly entertained for right censored data are
the proportional hazards model and the accel-
erated failure time model. For the proportional
hazards model the hazard is modeled as:

A(t;z) = ko(to)“f(z)

where A, is an unspecified baseline hazard func-
tion and y(-) is the regression function. For the
accelerated failure time model the hazard can be
written:

At;z) = Ap(ry[zDw(2)

where A and W have similar interpretations as in
the proportional hazards model. In both cases
the most commonly used regression function is
Y(z) = exp(Bz).

In the sequel, three data sets will be examined
in detail. The first is a study of survival follow-
ing insult with the carcinogen DMBA to mortality
from vaginal cancer in rats [8]. There are two
groups which differed by a pretreatment regimen.
The second is from the Southwest Oncology
Group (SWOG) study 8292 [9]. This trial was
set up to study whether surgery in addition to
radiation therapy was beneficial to individuals
with a single metastasis to the brain. The study
was not randomized. The third data set comes
from Appendix 1 of Kalbfleisch and Prentice [5]
and concerns lung cancer data collected by the
Veterans Administration in the United States.
The reader is cautioned not to draw conclusions
about these data from the examples given herein.
They are intended to be pedagogical rather than to
constitute a thorough examination of the data.

Comparing two samples

Often the covariate information simply records
which of two treatment regimens the individual
was assigned to. In this case the comparison is
similar to the standard two sample problem with
uncensored data. The question that is generally
most important is whether the survival times in
one group tend to be larger than the times in the
other. Often one can argue that it is the ranks of
the survival times that are important rather than
the actual survival times. An easy comparison of
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A: Rank Plot for the Rat Data
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Figure I. A) A rank plot comparing the two treatment groups for the rat data. Observed survival times are indicated by filled
octagons, censored observations are indicated by asterisks, and the group medians are indicated by triangles. B) Survival curves
comparing the two treatment groups for the rat data. Group 1 is indicated by the solid line and Group 2 by the dashed line.
C) A curve-difference chart for the survival curves given in 1B. This indicates the vertical distance between the two curves.

ranks comes from the rank plot. All the survival
and censoring times are combined and ordered
from smallest to largest, the smallest receiving
rank one and the largest receiving rank n. The
data are first split by group and then by whether
they were censored. The four groups are then
plotted against the ranks as has been done in
Figure 1A. The failure times are plotted close to
each other while the censored individuals have
been plotted to the outside. A line is drawn down
the center of the plot to distinguish the groups.
Finally the medians of the two groups are indica-
ted using triangles. The data used are the rat

data, and the plot indicates that those in Group 2
have larger ranks and hence larger survival times.

Another way of comparing the two groups
would be to estimate the survivor functions sepa-
rately and then compare them. This is the tech-
nique currently in standard use. From such a plot
it is easy to see whether one survivor function
dominates the other, i.e. whether §,(z) > S,(t) for
all ¢ or possibly for all ¢ = r*. Figure 1B is such
a plot for the rat data. While it is the vertical
distance between the two curves that is of interest
our attention is invariably drawn to the area
between 200 and 250 days where the two curves
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appear to be close. The closeness at this point is
mainly in the horizontal direction and not in the
vertical direction. Cleveland and McGill [1,2]}
indicate that the use of parallel curves which they
refer to as curve-difference charts can be very
misleading. If one is really interested in the
vertical distance between the two curves then the
vertical distance should be computed and plotted.
Figure 1C is the curve-difference chart for the
two survival curves in Figure 1B. In this plot it
can be seen that the vertical distance between the
two curves is quite substantial in the region in
which they appeared to be close, around 235
days.

Examining a plot of the estimated survival
curves based on the brain data, Figure 2A, it is
obvious that one curve dominates the other.
Those receiving both radiation therapy and sur-
gery, Treatment 1, are represented by the solid
line, while those receiving only radiation therapy,
Treatment 2, are represented by the dashed line.
In this case a curve difference-chart would be
either strictly positive or strictly negative
(depending on how the difference was taken).
While it is easy to see that the estimated survivor
function for Treatment 1 is always above the es-
timated survivor function for Treatment 2, other
questions are not so easily answered. For
example, how do the median or other quantiles
compare? If these questions are of interest then
one might consider using a box plot. Side by
side box plots for the brain data are presented in
Figure 2B. The construction of the box plots is
detailed in the Appendix. From this plot it can
easily be seen that the median survival time for
the surgery group exceeds the upper quartile of
the survival times for those receiving only radia-
tion therapy. In addition group size can be
encoded in the width of the box, as was done
here (the width of the plot is proportional to the
square root of the sample size, in this case 51 and
23).

Another graphical method that is often used is
the quantile-quantile plot (QQ-plot). QQ-plots are

graphical functionals of the two survivor functions
and hence can be constructed for censored data
using the Kaplan-Meier estimators. QQ-plots are
often used to compare observed quantiles to quan-
tiles from a reference distribution or to compare
the quantiles from two observed samples. Figure
2C is a QQ-plot comparing the quantiles for the
two treatment groups from the brain data. A
forty-five degree line has been added to make it
easier to compare the quantiles. The fact that not
all quantiles are estimated with equal precision
can make it difficult to interpret such plots in
many practical situations. Michael [10] has
suggested a stabilized probability plot to
overcome this difficulty. His suggestion can be
applied to right censored data.

If the data are thought to come from an accel-
erated failure time model then the QQ-plot com-
paring quantiles from the two groups should be a
straight line through the origin with slope equal to
the acceleration. In this case applying a log-
arithmic transformation to the survival times acts
to make the variance of the estimated quantiles
more stable and should be employed before
plotting. If the data are thought to come from a
proportional hazards model then all of the quan-
tiles should lie below the forty-five degree line as
they do in Figure 2C. However, the requirements
for a proportional hazards model are somewhat
more stringent and hence this feature does not
necessarily imply that a proportional hazards
model is appropriate.

If the two groups are thought to follow a pro-
portional hazards model then it is common to
simultaneously plot log(—log[S(#)]) against ¢. If
the proportional hazards assumption is tenable
these curves should differ by a constant amount.
Again it can be argued that one really should
examine a curve-difference chart. Figure 2D is a
plot of log(-log[S,(#)]) for the brain data where,
once again, Treatment 1 is represented by the
solid line while Treatment 2 is represented by the
dashed line. It can be seen that the assumption of
a constant difference is not tenable. Your eye
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B: Box Plots for the Brain Data
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Figure 2. A) Survival curves comparing the two treatment groups for the brain data. Group 1 is indicated by the solid line
and Group 2 by the dashed line. B) Box plots comparing the two treatment groups for the brain data. Sample size has been
encoded in the width of the box, and the height of the survival curve for the last observation is given for both groups. C) A
quantile-quantile plot comparing the two treatment groups for the brain data. The dashed line indicates where the points would
lie if there were no differences in survival between the two groups. D} A plot of log(—log[S(t)]) for the survival curves given
in 2A. A constant vertical separation would indicate that the proportional hazards assumption was tenable.

wants to follow the two curves around the corner
in the left portion of the plot. With some
concentration one can see that the vertical
separation decreases as survival time increases.

Comparing many samples

In this section we discuss the use of graphical
methods when the covariate is discrete but has
more than two levels. Such covariates are often
referred to as factors. We shall consider two
types of factors, those for which there is an

ordering such as dose-level, and those for which
there is no ordering such as the cell-type involved
in lung cancer. These are referred to as ordinal
factors and nominal factors, respectively. For
nominal factors the methods are essentially those
discussed for two sample comparisons, while for
ordinal data one may also choose to employ a
model which utilizes the additional information.

Nominal data

For nominal data the level of the factor simply
describes which group the individual is in, while
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Figure 3. The top four frames provide survivor curves comparing the standard and the test treatments for each of the four cell
types for the lung cancer data. The bottom four frames provide the same comparison via box plots. The time scale is not the

same for all plots.

for ordinal data the level of the factor provides
quantitative information. With the lung cancer
data one factor is the cell-type involved in the
cancer. This factor comes at 4 levels, but we
have no preconceived notion about the relation-
ship of the response for those with squamous cell
involvement versus those with large cell involve-
ment. Later we will divide the observations into
groups based on their age yielding an ordinal
factor.

A first approach is to compute the Kaplan-
Meier estimate of the survivor function for each
level of the factor separately and to then plot
these estimates. Figure 3 compares the estimated
survivor functions, in the top frames, with parallel
box plots, in the bottom frames. While in general

one should use the same scales, both vertical and
horizontal, we have not done so for all plots in
this figure. Using the same time scale for all
plots compacts the estimates for the Adeno group
substantially and makes them difficult to examine,
so we have chosen to use different scales. Com-
parisons down columns are relatively straight-
forward but comparisons across the rows cannot
easily be made.

The problems faced in the comparison of two
samples are magnified when comparing many
samples. The plot of the estimated survival
curves often looks completely incomprehensible.
For the lung cancer data we are also concerned
with comparing the standard treatment with the
test treatment. This has been done in Figure 4,
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Figure 4. The top two frames compare the two treatment groups and each of the four cell types for the lung cancer data via
survival curves. The bottom two frames use box plots to provide the same comparisons. Sample size has been encoded in the

width of the box.

the top two frames of which contain estimates of
the survivor function while the bottom two con-
tain box plots for the same data. One cannot
easily make the visual comparison of the 4 sur-
vival curves. Great care and concentration are
necessary to extract the relevant information,
while for box plots the information that is pro-
vided is more easily extracted. These plots in-
dicate that the test treatment appears to be quite
advantageous for individuals with squamous cell
involvement but has little, if any, effect on
survival for the other cell types.

The problem seems to be that even when there
are as few as 4 survival curves being plotted it is
very difficult to accurately assess their inter-
relationships. Plotting all pairwise comparisons
separately may be useful but it is difficult to get
an overall impression. Any of the plots discussed

in the previous section, such as QQ-plots, could
be used to make pairwise comparisons.

Ordinal data

When the factor is ordinal there are several op-
tions that can be exercised. The factor may be
analyzed with little regard to the ordering using
the techniques discussed above, it can be used as
a covariate in a regression model, or it can bhe
used to define strata. Both the proportional
hazards model and the accelerated failure time
model can be extended by the incorporation of
strata. While some covariates should be included
in the model as regressors, other variables do not
have the appropriate relationship with the re-
sponse for them to be included in this manner.
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For example, it may be that the baseline hazard is
different at different levels of the factor and hence
a proportional hazards model cannot be used.
However, if there are other covariates involved
then this factor, let us say z, could be used to
define strata. For such models the standard
assumption is extended to the following:

AMt;x,z) = Ay, (D)W(x)

with a similar modification of the accelerated
failure time model.

As mentioned previously, a plot of log (—log
[8(t)1), where i indicates the level of the factor,
can be used to determine whether the hazards are
proportional, since on this scale proportional
hazards result in curves which exhibit approxi-
mately constant separation. Again, the argument
that this determination should be made from a
curve-difference chart can be made. Further, the
relatively lower precision of the estimated sur-
vival curve for large values of f may be proble-
matic.

Examining the data at each level of the factor
separately can often be informative. For example
plotting the survival curves may indicate a trend
towards higher or lower survival times for in-
creasing levels of the factor. Using the ordered
levels of the variable to plot various graphics can
reveal whether or not there is an effect on the
survival distribution which depends on the level
of the ordinal variable in a monotonic manner.

Continuous covariates

When the covariate is continuous it is somewhat
more difficult to ascertain the nature of the
relationship with survival time. There are two
major difficulties that are encountered. Standard
regression models generally state the distribution
of response given the value of the covariate. In
linear regression this is usually taken to be the
Normal distribution and hence is completely de-
scribed by its mean and variance. The situation

is not quite so simple for censored data regression
models. For example, the proportional hazards
model has an infinite dimensional nuisance para-
meter (the baseline hazard function). The second
part of the problem is that the presence of censor-
ing, particularly if it is heavy, can disguise the
true form of the relationship between the covari-
ate and survival time.

However, there are a few techniques which
have proven quite useful when exploring censored
data. One of these is discretization [11], that is,
the continuous covariate is transformed into a dis-
crete covariate by binning all those observations
with similar values of the covariate into a group.
The data can then be analyzed using the methods
for ordinal data of the previous section. This
method has the advantage that if the bins are
formed so that each observation appears in only
one bin then the results are independent, in the
statistical sense. A second method is to employ
smoothing techniques. Scatter plot smoothers
were developed in order to enhance the detection
of relationships in scatter plots. Such detection is
often adversely affected by the presence of out-
liers or by large numbers of observations. On the
simplest level one can think of a scatter plot
smoother as an estimate of the mean of the y-
variable conditional on the corresponding value of
the z-variable. Since with censored data one
often does not observe the mean, a different
measure of the center will be needed. A candi-
date for this is the conditional median. In fact,
plotting various tunning quantiles can vastly
improve our visual perception of the relationships
in the data.

For the first suggestion one needs to decide
how to bin the data. The manner in which this is
done can often be important; there are many
examples of histograms that change shape drama-
tically when slightly different binning algorithms
are used. However, we suggest using the rather
simplistic approach of dividing the data into
approximately five groups of roughly equal size.
Some caution must be exercised if there are re-



Sutvival Time

200 400 600 800 1000
L L ‘ L '

*D“—* : ’

|

e )
e @B
o

-l ©

¢
i

=]==j==

£8-81

3447 48-5%
Age Discretized

Figure 5. Box plots comparing the survival time distribu-
tion for different age groups. The data were binned into
non-overlapping groups.

peated values in the covariate, as all individuals
with the same covariate value should be in the
same group. If this method is employed in con-
junction with the smoothing methods we discuss
next, any serious anomalies should be readily
detected. Since the data have been divided up on
the basis of the covariate they may be examined
using the methods for ordinal data discussed in
the previous section. Figure 5 provides parallel
box plots using the age covariate from the lung
cancer data set of Kalbfleisch and Prentice [5].
The data have been split into 5 groups via the
following rules: age < 48, 48 < age < 60,
60 < age < 64, 64 < age < 68, and age = 68.
These splits were chosen so that there were
approximately 28 observations in each group. As
we can see in Figure 5, there appears to be little
relationship between age and survival time, with
perhaps a slight increase in survival for those
individuals in the 48 to 59 year age range.

Smoothing

In this section we shall discuss two types of
smoothing, one nonparametric and the other
model based. Scatter plot smoothers have long
been recognized as advantageous when there are
anomalies that may affect our ability to accurately
perceive the relationship between the two vari-
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ables being plotted. As the presence of censor-
ing does this, one can expect that the use of
smoothers should be quite helpful. As discussed
above we shall consider smoothers which provide
estimates of the quantiles of the distribution of
survival time conditional on the value of the
covariate. Gentleman and Crowley [3,4,12] dis-
cuss the issues involved in somewhat more detail.

A basic premise of smoothing is that the con-
ditional distribution of the y-variable changes
slowly with respect to changes in the x-variable.
Thus when estimating this distribution for a par-
ticular value of the x-variable it is reasonable to
increase the sample by using not only those ob-
servations with that value of the x-variable but
also those observations with similar values.
Sometimes schemes which weight the contribution
of each observation depending on the distance
from the target value are used. The number in-
cluded in each computation is often referred to as
the span; this is often considered as a proportion
of the total number of observations. We have
chosen to use symmetric & nearest neighborhoods
for our calculations. In this case span selection
devolves to choosing an appropriate value of %.
At each distinct value of the covariate the 4/2
nearest neighbors to the left of the target value
and the k/2 nearest neighbors to the right form the
neighborhood. When the target value is so close
to either the right or the left boundary that there
are not k/2 neighbors in both directions one sim-
ply uses the ones, if any, that are there. Most
smoothers do not provide reliable estimates near
the boundary of the covariate, and caution should
be used in interpreting effects seen near its edges.

Smoothing exchanges the issue of choosing
bins, discussed above, for the problem of
choosing the bandwidth, or smoothing parameter.
There are several reasons why one would like to
have an automatic choice of smoothing parameter.
Unfortunately this issue has not been satisfactorily
addressed for censored data, and no automatic
method exists. It is important to ensure that there
are sufficient observed failures in every interval in
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order to adequately estimate the survivor function
or quantiles, as required.

For nonparametric smoothing one proceeds as
follows. For each distinct value of the covariate
those observations in the symmetric k& nearest
neighborhood are determined. Using only those
observations a Kaplan-Meier survivor function is
computed, and using this the desired quantiles are
computed. These are then stored and used as the
estimates of those quantiles for that value of the
covariate. The estimated quantiles can then be
used to add a conditional quantile line to a plot of
the data. This method was used on the covariate
age from the lung cancer data, and the result is
plotted in Figure 6. Three conditional quantiles,
the 0.25, 0.5, and 0.75, were computed. There
are two sets of conditional quantile lines plotted
in this figure, and those with the shorter dashes
correspond to the procedure described above. We
have provided two sets based on different spans.
For a span of 0.3 approximately 41 observations
were used in each neighborhood, while for a span
of 0.6 the number was approximately 82. Notice
that for the span of 0.3 there is some indication
that the upper quartile is elevated in the region
from 45 years to 60 years, in agreement with the
impression given by the discretization method.
For a span of 0.6 the estimated conditional quan-
tiles are pretty much constant, indicating little
dependence on age.

The model based smoothing method used em-
ploys the proportional hazards model and is dis-
cussed more fully in Gentleman and Crowley [4].
In this case again one uses local information, but
rather than estimating a survivor function in each
neighborhood a proportional hazards model is
fitted to the data. For this model, the baseline
hazard is assumed to be common to all indivi-
duals and is estimated using all the data, while
the covariate effect is estimated locally. This
model was also fitted to the lung cancer data,
using the same span size, and the results used to
estimate the same three quantiles as above. The
corresponding conditional quantile lines were

plotted, using long dashes, in Figure 6. Having
both sets of conditional quantiles on the same plot
facilitates the comparison of the results from the
two different methods. Using a span of 0.3 there
seems to be some substantial discrepancy between
the two methods, at least with regard to the level
of the survivor function, but the overall shape is
approximately the same. With a span of 0.6 the
agreement between the two methods is quite
good.

The conditional quantiles can also be used to
determine the appropriateness of certain models.
For both the proportional hazards model and the
accelerated failure time model, the usual form of
the covariate effect is y(z) = exp(Bz). In this
case a straightforward calculation (see Gentleman
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Figure 6. Smooth estimates of the quantiles (0.25, 0.50,
and 0.75) for survival time as a function of age are plotted.
The long-dashed lines are estimates based on a proportional
hazards assumption, while the short-dashed lines are based
on a non-parametric method.



and Crowley [4]) indicates that in general, 3 > 0
implies that the conditional quantiles when con-
sidered as a function of z need to be monotoni-
cally nondecreasing for the accelerated failure
time model and monotonically nonincreasing for
the proportional hazards model. The converse is
true if B < 0. As the conditional quantiles in
Figure 6 do not appear to behave in a monotonic
fashion, one would tend to believe that a co-
variate effect of the form y(z) = exp(Bz) would
not be appropriate in this situation.

Discussion

We have demonstrated a number of graphical
methods that can be used for the analysis of data
that are subject to censoring. These suggestions
provide a variety of means of examining the data,
both with regard to data integrity and with regard
to model checking. Thus, the user can fairly
easily get a reliable impression of the relation-
ships that exist between various covariates and
survival time prior to fitting any model. Such an
examination, exploratory data analysis, is often a
very valuable tool which can lead to a more ap-
propriate choice of model or new insight into the
data. In addition to providing several explicit
descriptions of graphical methods for censored
data, we have provided an algorithm, of sorts, for
constructing new ones. New graphical methods
can be developed by using the Kaplan-Meier esti-
mate, or any other estimate, of the survivor func-
tion in plots originally developed for data not
subject to censoring.
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Appendix
Details of the Box Plot Construction

For a given sample compute the Kaplan-Meier
estimate and use it to find the median as well as
the upper and lower quartiles. If the censoring is
not too heavy these will all be observed and one
proceeds in essentially the same manner as with
uncensored data. The interquartile range (IQR) is
the upper quartile minus the lower quartile. The
quartiles are used to form the box and the median
is drawn in as a line across the box at the ap-
propriate position. The lower whisker extends
below the box to the smallest observed failure
time within a distance of 1.5 times the IQR of the
lower quartile. The upper quartile extends from
the upper quartile to the largest observed failure
time within a distance of 1.5 times the IQR. Ob-
served failure times further away from the center
of the data than the limits on the whiskers are
plotted individually. The value of the survivor
function at the largest observation is plotted at
that point, if it is not zero.

If not all of the quartiles are observed, then
plot the observed ones and extend the sides of the
box to the largest observed failure time. At this
point plot the value of the survivor function cen-
tered between the sides of the box. Since the
upper quartile has not been observed the IQR will
need to be estimated. This can be done via linear
interpolation, but some attention should be paid to
the effect that a decidedly asymmetric distribution
can have. The number of observations in each
group can be encoded in the width of the box.

Computer routines to perform this and most of
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the other methods described herein, implemented
in the S language, are available from the first
author.
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