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SUMMARY

This paper describes a method proposed for a censored linear regression model that can be used in
the context of survival analysis. The method has the important characteristic of allowing estimation
and inference without knowing the distribution of the duration variable. Moreover, it does not need the
assumption of proportional hazards. Therefore, it can be an interesting alternative to the Cox proportional
hazards models when this assumption does not hold. In addition, implementation and interpretation of
the results is simple. In order to analyse the performance of this methodology, we apply it to two real
examples and we carry out a simulation study. We present its results together with those obtained with
the traditional Cox model and AFT parametric models. The new proposal seems to lead to more precise
results. Copyright © 2002 John Wiley & Sons, Ltd.
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1. INTRODUCTION

In survival analysis, in general we have censored observations and, because of this and
other characteristics, such as, for example, its asymmetric distribution, the usual statistical
methods or techniques cannot be applied to this type of data. As a consequence, we find in
the statistical literature specific models for survival data or lifetime analysis. If we consider
regression models, the ones most used are the Cox proportional hazards model [1] (PH) and
the accelerated failure time models [2] (AFT).
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The first one and its various generalizations are mainly used in medical and biostatistical
fields, while the alternative class of regression models, the AFT model, is mainly used in
reliability theory and industrial experiments.

The most commonly used model is the PH model. Its use is preferred because estimation
and inference about the parameters of interest are possible without assuming any form for the
baseline hazard function, that is, it is not necessary to specify a survival distribution to model
the effect of the explanatory variables on the duration variable. However, this model is based
on the PH assumption and this may not hold in some survival studies. In a recent review
of survival analyses in cancer journals [3], it was found that only 5 per cent of all studies
using the Cox PH model attempted to verify the underlying assumption. If this assumption
does not hold, the standard Cox model should not be used and may entail serious bias and
loss of power when estimating or making inference about the effect of a given prognostic
factor on mortality [4,5]. Many techniques for assessing the goodness-of-fit of PH regression
models and methods for detecting violations of this assumption can be found in the statistical
literature [6—11]. In the 1990s several flexible methods were proposed to take into account
the non-proportionality of hazards [4,5,11, 12].

On the other hand, if we consider the AFT models, these models could be of interest because
they can be rewritten specifying a direct relation between the logarithm of the survival time
and the explanatory variables, just as a multiple linear regression model does. However, their
main disadvantage is that usually the estimation of these models is carried out by assuming
a distribution for the duration, which in most cases is unknown.

An interesting new methodology is the one proposed by Stute [13], which can be used to
estimate linear regression models with censored observations. It has good theoretical properties
[13, 14] and it seems to be an interesting model to use in survival analysis. The model put
forward by Stute can be considered as an AFT model but with the important characteristic
that it allows us to estimate and make inference about the parameters of the model without
assuming the distribution of the lifetime variable, usually unknown. Therefore, it avoids the
problem of assuming a specific probability distribution, and, from this point of view, it could
be considered an important alternative to the Cox PH models.

In addition, this method presents several advantages when compared to the PH model:
(1) it does not need the assumption of proportional hazards; (ii) it models directly the effect
of explanatory variables on the survival, so the interpretation of the results is clearer and
easier (in terms of effects on mean survival time, as in the classical statistical models) than
in the PH models, where we model the effect of covariates on a conditional probability. In
addition, by using this methodology we could estimate the mean residual lifetime of a patient
who has already survival up to time #; and (iii) it is simple to evaluate and it can be extended
to consider more complex situations such as, for example, interactions between covariates and
survival time, or to consider non-parametric effects of some covariates or covariates with
time-dependent parameters.

Therefore, it can be of interest to compare, under several conditions, the performance of
Stute’s proposal with the ones based on PH and AFT parametric models. In order to do this,
we compare these methods under situations where the PH hypothesis holds and where it does
not hold, applying them to real examples and carrying out a simulation study. The rest of
the paper is organized as follows. Section 2 describes two examples that motivate the new
proposal. A brief review of the PH and AFT models is given and Stute’s method is provided
in Section 3. In Section 4, we fit different models to the data sets and comment on the

Copyright © 2002 John Wiley & Sons, Ltd. Statist. Med. 2002; 21:3493-3510
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Table 1. Survival times in months for breast cancer data.

Negative staining Positive staining
23 5 68
47 8 71
69 10 76+
70+ 13 105+
714 18 107+
100+ 24 109+
101+ 26 113
148 26 116+
181 31 118
198+ 35 143
208+ 40 154+
212+ 41 162+
224+ 48 188+
50 212+
59 217+
61 225+

results obtained within the different specifications. In Section 5, we compare Cox’s, AFT and
Stute’s methodologies under a simulation framework. Finally, in Section 6, we present some
conclusions about the model and its advantages over the existing ones and some extensions
are suggested.

2. BREAST AND GASTRIC CANCER DATA SETS

We present two examples that motivate the methodology proposed by Stute using well known
data sets. In the first one, the essential assumption of the PH model is verified and in the
second one this assumption does not hold.

2.1. Prognosis for women with breast cancer

An investigation to evaluate a histochemical marker (the Helix pomatia agglutinin, HPA),
which discriminates between primary breast cancer that either has metastasized or not, was
carried out at the Middlesex Hospital [15]. The aim of this work was to investigate whether
HPA staining can be used to predict the survival time of women who had breast cancer.
In order to do this, women who had received a simple or radical mastectomy to treat a
tumour between January 1969 and December 1971 were analysed. Sections of the tumours
were treated with HPA and each tumour was subsequently classified as being positively or
negatively stained. Positive staining corresponded to a tumour with the potential for metastasis.
The study concluded in July 1987. Table I gives the survival times (in months) from surgery
for each woman according to whether their tumour was positively or negatively stained.
Censored survival times are labelled with the ‘4’ symbol.

We are interested in whether or not there is a significant difference in the survival for the
two groups of women. Thus, we need a model which tries to explain the effect of staining of
the tumour on the survival time.

Copyright © 2002 John Wiley & Sons, Ltd. Statist. Med. 2002; 21:3493-3510
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Figure 1. Graphical test of proportional hazard functions for breast cancer data.

As we do not know the distribution of the survival time variable, a possible model is the
standard PH model; the fitting of this model assumes the proportionality of hazards for the
two groups. In order to verify this assumption, we can use one of the different methods or
tests proposed in the literature [6—11]. We have decided to use a simple graphical method [8]
that plots the logarithm of the estimated cumulative hazard function for each group against
the survival time. Parallel functions would mean that the assumption holds. Figure 1 indicates
that PH model described above can be appropriate for this data.

2.2. Survival for gastric cancer patients

In this example, treatments of locally advanced non-resectable gastric carcinoma consisting
of chemotherapy alone versus a combination of chemotherapy and radiation are compared.
The data (that is, the survival time in days for each treatment) are taken from a clinical trial
reported by Stablein et al. [16] and are given in Table II.

We are interested in comparing the effect of both treatments on the survival of a patient.
In this case, the distribution is also unknown and we may decide to use the PH model. How-
ever, before fitting a PH model, we check for the validity of the proportionality assumption
using, as before, the graphic of the logarithm of the cumulative hazard function for each group
versus the duration. Figure 2 clearly shows that these functions are non-parallel and that they
even cross each other at some points. Therefore, we cannot assume PH in this example. This
data set has been used by different authors [5,9, 10, 16, 17] who, using different tests, have
arrived at the same conclusion.

Hence, we need a model that allows for non-proportional hazards and that does not require
the knowledge of the distribution of the survival time. Stute’s model provides a possible solu-
tion for this situation and, in the next two sections, we proceed to describe this methodology
and to compare its setting with the previous existing models.

Copyright © 2002 John Wiley & Sons, Ltd. Statist. Med. 2002; 21:3493-3510
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Table II. Survival times in days for gastric cancer data.

Combination Chemotherapy
17 307 1 499
42 315 63 524
44 401 105 529+
48 445 125 535
60 464 182 562
72 484 216 675
74 528 250 676
95 542 262 748
103 567 301 748
108 577 301 778
122 580 342 786
144 795 354 797
167 855 356 945+
170 882+ 358 955
183 892+ 380 958
185 1031+ 381+ 1180+
193 1033+ 383 1245
195 1306+ 383 1271
197 1335+ 388 1277+
208 1366 394 1397+
234 1452+ 408 1512+
235 1472+ 460 1519+
254 489

3. GENERAL MODELS

For the standard version of the PH model, we have that the hazard function A(¢) (the function
which defines the probability that an individual dies at time ¢ assuming that he/she has
survived up to that point in time) is defined as

At Xi)zio(t)exp<§p:15_ixz/> (D
=

where 4o(¢) is an unspecified baseline hazard function and represents the hazard function for
an individual with covariate values all equal to zero, X;=(x;i,...,X;,) are the values measured
on subject i for the explanatory variables X; (j=1,..., p), and B; (j=1,..., p) are unknown
parameters in the model. The estimation of this model is carried out maximizing the partial
likelihood [18].

In the AFT model, the hazard function is defined as

Mt,X;)=lo (t exp(ilﬂjx,»j>> exp(i1 ﬁinj) (2)

where ¢(.) is a function of ¢, X, and f.

Copyright © 2002 John Wiley & Sons, Ltd. Statist. Med. 2002; 21:3493-3510
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Figure 2. Graphical test of proportional hazard functions for gastric cancer data.

Thus, under this model, the effect of the explanatory variables on the survival time is direct,
accelerating or decelerating the time to death or failure. Moreover, this model can be specified
relating the logarithm of the survival time to its explanatory variables, just as a multiple linear
regression model does. That is

InT=Xy+¢ (3)

where X =[X,...,X,], y=(1,...,7) and y;=—pf; for j=1,..., p. In most situations, the
estimation of this model is carried out by assuming a distribution for the duration and maxi-
mizing the log-likelihood.

The most commonly used parametric regression models in survival analysis (that is, the
exponential, Weibull, log-normal, gamma or log-logistic models) can be considered as AFT
models. In addition, the exponential and Weibull regression models can be considered as
particular cases of both the AFT and PH models.

Unfortunately, because of the censoring effect, the actual lifetime T is not always observable
and instead we observe

. {n if T,<G
Yi:mln(]}sc)s 5i: .
0; if I;>GC
where Cy,...,C, are the values of the censoring variable C, which is assumed independent of
the duration variable T, and J; is an indicator of whether 7; has been observed or not.
Within the AFT models’ framework, Stute [13] presents a new methodology which requires
very general hypotheses and where the estimators can be obtained using weighted least squares,
that is, we use model (3) under the assumption that £[e|X]=0. Here, the relation between the
covariates and the duration, or some monotonic transformation of this, such as, for example,

Copyright © 2002 John Wiley & Sons, Ltd. Statist. Med. 2002; 21:3493-3510
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the logarithmic one, is considered linear. Under this model, the estimator of y minimizes

n

2 Winlln Yoy = Xyl “4)
where In ¥;) is the ith ordered value of the observed response variable InY, Xj; is the co-

variable associated with In Y;) and W, are the Kaplan-Meier weights. These weights can be
calculated using the expression

. A o [ =) 1"
Wi =FIn X)) = F(In Yin) = —7 11 n—j+1 )
j=

where £, is a Kaplan—Meier estimator [19] of the distribution function F for the variable T
and Jy; is the 0 value associated with In ¥;). These weights can be also calculated using the
redistribute to the right algorithm presented by Efron [20]. In this way, after calculating the
W;, weights, the minimization of (4) leads to the estimator of 7y given by

F=(X'WX)"'X'WinY

where InY =(In Y),...,InY,))’, W is a diagonal matrix with the Kaplan-Meier weights on
its main diagonal and X is defined as before. Stute studies the consistency of this estimator
[13] and its asymptotic normal distribution [14]. As the asymptotic variance has a complicated
expression to calculate, Stute [21] proposes the use of a simpler jack-knife estimator.

4. ANALYSIS OF THE DATA SETS
We now proceed to the analysis of the two data sets presented in Section 2.

4.1. Prognosis for women with breast cancer

Under the PH model (1), the hazard of death at time ¢ for the ith woman is A(z,x;)=Ao(t)e"”,
being x;=0 for negative staining and x;=1 for positive staining. That is, Ao(¢) is the hazard
function for a woman with a negatively stained tumour. If we fit this model, we obtain that the
value of f§, which maximizes the partial likelihood function [18], is ﬁ:0.909 and the estimate
of its standard error is 0.501. Therefore, we can conclude that a woman who has a positively
stained tumour will have a greater risk of death at any given time than a comparable woman
whose tumour is negatively stained.

In addition, if we plot the logarithm of the cumulative hazard function against the logarithm
of the survival time, we obtain a path close to a linear function. Therefore, this suggests the
possible validity of the parametric Weibull regression model. Then, we can rewrite the model
as a log-linear model, In7 =Xy 4 g¢, where ¢ has a minimum extreme value distribution
and ¢ is a constant scale parameter. If we fit the Weibull regression model, we obtain the
estimates =—0.9967 (the negative sign is due to the fact that the estimator is now measuring
the effect over the logarithm of the survival time) and 6 =1.0667, with standard errors equal
to 0.544 and 0.167, respectively. As an illustration, we have also fitted two alternative AFT
models, the log-normal and log-logistic regression models, and have obtained y=—1.151 and
7=-—1.149, with standard errors 0.520 and 0.520, respectively.

Copyright © 2002 John Wiley & Sons, Ltd. Statist. Med. 2002; 21:3493-3510
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We now use the approach proposed by Stute [13] to analyse this data set. That is, we
consider the model (3), but we do not need to specify the distribution of 7. If we minimize
the sum of the weighted least squares to estimate y (see equation (4)), we obtain a differential
effect (over the logarithm of the survival time) between groups of j=—0.84 with an estimated
standard error of 0.407 (the standard error has been calculated using the jack-knife estimator
[21]). Note that Stute’s estimate shows: (i) a slightly smaller differential effect in the risk of
death for both types of tumours and a smaller standard error when compared to the other
approaches; and (ii) closer similarities to the AFT Weibull regression model, when compared
to the AFT models. However, we obtain similar conclusions and results (positive staining
indicates a poorer prognosis for breast cancer patients) using either one of these approaches.

4.2. Survival for gastric cancer patients

We now compare the effect of both treatments and, thus, we define the covariate X taking
the value 0 if individuals are only treated with chemotherapy and 1 if they were treated with
chemotherapy and radiation.

In order to illustrate the consequence of assuming PH when this does not hold, we fit the
Cox standard PH model obtaining an estimate of ﬁ:0.266 for the parameter which measures
the differential effect between treatments, with an estimated standard error equal to 0.233.
Thus, this differential effect is not significant, which seems a strange result if we look at the
survival times in Table II. The lack of a significant effect of the combined treatments, when
estimated using a PH model, is likely to be due to the lack of proportionality of the hazards in
the two treatment groups. Thus, the analysis for treatment differences would be not significant
as a result of the cancellation of an early advantage by a later disadvantage [16].

To solve this problem, Stablein et al. [16] proposed a non-proportional model for this data
set. In particular, they proposed the use of the following model with a time varying hazards
ratio by introducing some time-by-treatment interaction terms:

A(t,x) = Ag(t)eP 12250 (s (6)

Although the linear term in time would be sufficient to allow for a time varying relationship,
the quadratic term allows the modelling of a relative hazard surface that rises and falls, that
is, they consider a non-monotonic time dependence.

Estimation of the parameters will require the maximization of the partial likelihood function
[22] giving the following estimates and standard errors:

B, = 1.8664 G;, = 0.6483
B, = 01767  ; = 0.0782

f; = 0.0028 &/§3 = 0.0019

In this example, the additional flexibility for the hazard function indicates that there is
a significant treatment difference. However, this effect disappears when the survival time of
the patients increases, reaching slightly better results for long-term survivors by using the
combined treatment [16].

Copyright © 2002 John Wiley & Sons, Ltd. Statist. Med. 2002; 21:3493-3510
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As an alternative solution to the problem at hand, we have also fitted two AFT models
that do not assume proportional hazards: the log-normal and log-logistic regression models,
obtaining the estimated differential effect between treatments y=—0.460 and j=—0.562, with
standard errors 0.2816 and 0.2451, respectively. The log-logistic model finds a significant
differential effect, while the log-normal model does not.

It is also possible to introduce time-by-treatment interaction terms when fitting these AFT
models; that is, we have considered the model

2
t t
Int=0a+ yix + yox <30) + y3x <30) +é (7)

and, thus, obtained the following estimates of the parameters and their standard errors. For
the log-normal AFT model:

3 = 6.1631 6; = 0.1442
§, = —22402 & = 03349
5, = 01758 &, = 0.0403
7y = —0.0018 &, = 0.0009

and for the log-logistic AFT model:

3 = 62472 6; = 0.1035
§, = —22656 &5 = 0.2163
f, = 01726 &, = 0.0250
§y = —0.0020 &, = 0.0006

From these results, the differential effect appears to be significant and, as in Stablein et al.
[16], this effect vanishes as the survival time increases.

In order to avoid specific distributional assumptions, an alternative approach can be to apply
Stute’s methodology as described in the previous section. When we estimate the basic AFT
model (that is, the one without interaction terms) the estimated differential effect between the
two treatments is 9= —0.54, and the estimated standard error (calculated, using the jack-knife
estimator [21], as in the previous example) takes the value 0.27. Thus, we find a significant
differential effect, where the treatment based on only chemotherapy obtains better results in
terms of mean lifetime. This result, together with the ones obtained for the parametric AFT
models, seems to indicate that the log-logistic regression model might be an adequate choice
for this data set.

Moreover, we estimate the time-by-treatment interaction terms by considering model (7),
and obtain the following estimates of the parameters and their standard errors:

i =59417 & = 01918
§ = —2.0402 & = 02392
5, = 01871  &; = 0.0165
§y = —0.0025  &; = 0.0003

Copyright © 2002 John Wiley & Sons, Ltd. Statist. Med. 2002; 21:3493-3510
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These estimates show again a significant differential effect, where the treatment with only
chemotherapy is significantly better. However, with the inclusion of interaction terms, we
can, as in previous analysis, observe that this effect disappears when the survival time of
the patients increases, reaching better results for long-term survivors by using the combined
treatment. In summary, Stute’s method leads to similar results as the other AFT models that
use time-by-treatment interactions. However, it does not require the assumption of any specific
distribution for the survival time.

The first example illustrates that, under the proportionality assumption, the results of the
PH, Weibull AFT and Stute’s methodologies are similar. However, when the proportionality
is not verified by the data, fitting a PH model can lead to the wrong conclusions, as can be
seen in the second example. For this case, the estimator minimizing (4) has good properties
and, thus, provides a better approach. In addition, under this structure, we can also allow for
a time-by-covariate interaction relationship by fitting a model like the one in (7).

One aspect that must be taken into account is that the results under the different method-
ologies are not directly comparable because the PH model explains the effect of covariates
on the hazard function, while the AFT models measure the direct effect of the covariates on
the duration. However, regardless of the methodology used, if both models are correct the
inferential analysis should agree in terms of the significance of the covariates.

In addition, when using the AFT approach, Stute’s methodology has advantages over the
parametric ones because the latter are affected by a wrong specification of the probability
distribution of the duration.

In order to analyse these issues, we have conducted a simulation study that is presented in
the next section.

5. A SIMULATION STUDY

The objective of this section is twofold. First, we want to compare Stute’s and Cox’s method-
ologies in a context where the assumptions of both models hold and their estimators are di-
rectly comparable. Hence, this first purpose is to compare two methods that do not assume
any probability distribution for the survival time. The second aim is to check the performance
of Stute’s method when the distribution of the survival time is known, that is, to compare
Stute’s estimators with those coming from a parametric AFT model.

For the first setting, note that the standard Cox specification belongs to the class of the
PH models, while Stute’s model can be included in the class of AFT models. However,
since the exponential parametric regression model belongs to the two classes of models, we
have decided to use this context to check the accuracy of both methodologies, so that we
can compare their performance in a fair manner. In order to do that, we have generated an
exponential regression model and the different estimates of the parameters will be compared
under different settings.

Moreover, we would like to mention that, for this regression model, the parameter estimates
obtained in both models are directly comparable, in absolute values, even though under the
PH model specification (1) the estimation of  measures the effect of the covariates on the
hazard function. In addition, for the particular case of exponential distribution, the PH model
can be rewritten as a log-linear model where ?:—ﬁ captures the effect of the covariate on
InT, as in (3).

Copyright © 2002 John Wiley & Sons, Ltd. Statist. Med. 2002; 21:3493-3510
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Thus, the proposed model, in its log-linear specification, to generate the survival times is
In7T=yX 4+ 79X +¢ (8)

where X; € U[0,2], X, €U[3,9], y1=1, y2=3 and ¢ has a minimum extreme value distribution.
In addition, we centre the error ¢ to guarantee the assumption of E[¢]=0, required under the
Stute methodology. Moreover, we have to point out that, under this model, the baseline hazard
function for the Cox model specification is constant and takes the value one.

The censoring variable is generated using a uniform distribution and as an independent
variable from the survival time variable. The interval of uniformity depends on the censorship
level in each case.

We would like to make a comparison between these two methodologies and study the
effect of the censoring level and sample size on these differences. Therefore, the comparison
is carried out under three different censorship levels (that is, 10, 30 and 45 per cent) and
using three different sample sizes (=50, 100 and 200). We generated 2000 samples for each
combination of censoring level and sample size.

The results are presented in Table III and Figures 3 to 5 (we only present the figures
corresponding to the 30 per cent censorship level). Note that, in Table I1I(d), MSE denotes
the sample mean square error. Each figure provides the results of the estimates for one level
of censorship and sample size. The left panel presents the results for Stute’s method and
the right panel the corresponding one for Cox’s method. For the purpose of illustration, we
have also included in Table III the results for the AFT exponential regression model and, as
expected, the latter provides better results.

The conclusions we can see from the results obtained from Stute’s and Cox’s methodologies
are as follows: (i) when we increase the censoring level, the variance of the estimators tends
to increase and the estimates lose precision; (ii) the estimation becomes better as the sample
size increases; (ii1) in terms of MSE, Stute’s methodology provides more precise results for
all cases considered (see Table III(d)); (iv) the differences, in terms of bias and standard
errors, are larger for cases of explanatory variables with greater variability (see the estimates
of 5, and y, in Tables IlI(a)—(c)). We have replicated this simulation study with normally
distributed covariates and have obtained very similar conclusions.

For the second purpose, we have simulated data from the model

In T:”/1X] + “/QXZ + o¢ (9)

where X; € U[0,2], X,€U[3,9], y1=1, y,=3 and the distribution of ¢ will be fitted according
to a log-normal and a log-logistic distribution. For the log-normal case, ¢ follows a standard
normal distribution and we have chosen ¢ equal to 1. For the log-logistic case, ¢ follows a
logistic distribution and the value for ¢ is chosen to be equal to 0.5.

The results are presented in Table IV (for the log-normal case) and in Table V (for the
log-logistic case).

As expected, the results are better when we estimate the parametric model using the infor-
mation of the correct probability distribution that generated the data. However, the accuracy
of the results coming from Stute’s method justifies its validity and suggest its use when the
probability distribution is unknown.

Copyright © 2002 John Wiley & Sons, Ltd. Statist. Med. 2002; 21:3493-3510
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Table III. Estimates of the parameters in equation (8) under uniform covariates (X;€UJO0,2],
X>€U[3,9]) and an exponential distribution assumption, using three alternative estimation
procedures: y =1, y,=3.

(a) Estimates with sample size n=>50

Censorship Cox Stute Exponential
Bi==n  B=—1 7 72 N 72
10% Bias 0.0263 0.1284 —0.0075 —0.0012 —0.0121 0.0037
Standard error  0.3737 0.4867 0.3492 0.1390 0.2789 0.1119
30% Bias 0.0465 0.1821 —0.0157 —0.0018 —0.0199 —0.0023
Standard error  0.4535 0.5900 0.4075 0.1653 0.3352 0.1718
45% Bias 0.0885 0.2904 —0.0297 —0.0373  —0.0438 —0.0503

Standard error  0.5823 0.7814 0.4873 0.2202 0.4383 0.3541

(b) Estimates with sample size n=100

Censorship Cox Stute Exponential
Bi==n  P=—n 7 72 N 72
10% Bias 0.0153 0.0472 —0.0072 0.0002  —0.0006 —0.0009
Standard error  0.2461 0.2953 0.2647 0.0752 0.2082 0.0594
30% Bias 0.0228 0.0648 —0.0113  —0.0003 0.0019 —0.0023
Standard error  0.2909 0.3399 0.3060 0.0919 0.2425 0.0805
45% Bias 0.0224 0.0795 —0.0281 —0.0247 —0.0032 —0.0281

Standard error 0.3219 0.3777 0.3794 0.1245 0.2812 0.2231

(¢) Estimates with sample size n=200

Censorship Cox Stute Exponential
Pr==n  fa=—n N 72 ” 72
10% Bias 0.0089 0.0268 —0.0006 0.0001  —0.0001 0.0003
Standard error  0.1510 0.1985 0.1596 0.0556 0.1276 0.0445
30% Bias 0.0105 0.0315 —0.0021  —0.0002  —0.0008 —0.00009
Standard error  0.1720 0.2244 0.1876 0.0648 0.1454 0.0520
45% Bias 0.0140 0.0425 —0.0133  —0.0141  —0.0032 —0.0136

Standard error  0.1906 0.2460 0.2254 0.0898 0.1665 0.1519

(d) Comparison of the MSE for Cox, Stute and the exponential AFT methods.

Sample Censorship 10 per cent Censorship 30 per cent Censorship 45 per cent

size Cox Stute Exp Cox Stute Exp Cox Stute Exp

n= 50 03937 0.1413  0.0900 0.5891 0.1936 0.1422 1.0417 0.2882  0.3219
n=100  0.1502 0.0757 0.0468  0.2049  0.1022 0.0652 0.2532  0.1608  0.1296
n=200  0.0629  0.0285 0.0183  0.0810  0.0393 0.0238 0.0988 0.0592  0.0509

Copyright © 2002 John Wiley & Sons, Ltd. Statist. Med. 2002; 21:3493-3510
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Figure 3. Box-plots of the estimations of the regression coefficients for the model In7 =7y,X; 4+ y,X> +¢

for a sample size n =50 and a censoring level =30%. The left panel presents the results for Stute’s

method and the right panel for Cox’s method. Within each panel, the left plot contains the estimates
for y; and the right one for 7,.

6. CONCLUSIONS

Cox’s PH regression model is the most common way of analysing prognostic factors in
clinical research. This is probably due to the fact that this model allows us to estimate
and make inference about the parameters without assuming any distribution for the lifetime,
whose distribution is often unknown. However, it does have the requirement of proportional
hazards, which is not always satisfied by the data. In these situations, AFT models provide
an alternative framework to fit the data. Moreover, under these models we measure the direct
effect of the explanatory variables on the survival time and not on a conditional probability,
as we do in the Cox PH model. This characteristic allows for an easier interpretation of the
results because the parameters measure the effect of the correspondent covariate on the mean
lifetime.

Among the AFT models, log-normal and log-logistic regression models are very com-
mon choices, when the proportional hazards assumption does not hold but they assume spe-
cific distributions for the duration, which is unknown in many cases. In order to avoid this
disadvantage, Stute [13] proposed a method that allows us to estimate and make inference
about the parameters without assuming any distribution for the survival time.

In this paper we have analysed the performance of these alternative methodologies in two
different frameworks. As a first approach, two clinical data sets have been analysed. In the

Copyright © 2002 John Wiley & Sons, Ltd. Statist. Med. 2002; 21:3493-3510
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Figure 4. Box-plots of the estimations of the regression coefficients for the model In7 =7y,X; 4+ y,X> +¢

for a sample size n =100 and a censoring level =30%. The left panel presents the results for Stute’s

method and the right panel for Cox’s method. Within each panel, the left plot contains the estimates
for y; and the right one for 7;.

first example, the hypotheses of Cox’s model hold and Stute’s approach performed better in
terms of standard errors. The second data set is an example where the PH assumption does
not hold and, after applying the standard Cox method, the results seem to lead to the wrong
conclusions while Stute’s method leads to the correct conclusions providing more precise
estimators.

Finally, a simulation study, where the estimates are comparable, shows that Stute’s method
can be successfully applied in a context where Cox assumptions also hold. Moreover, we
can observe that the methodology proposed by Stute is more precise in all cases consid-
ered than the one proposed by Cox. For the cases where the PH assumption does not hold,
Stute’s method is compared with the parametric AFT under the correct assumption of the
probability distribution. In this unfair context, and as expected, Stute’s estimates are less pre-
cise. However, this loss of precision is very small, which, in a sense, advocates the use
of this methodology when the probability distribution is unknown, the most usual situa-
tion in practice. Thus, we can avoid the problem of a wrong specification of the model
when assuming an incorrect distribution for the survival time. All the results presented
above indicate that this method provides good estimates under very general and different
situations.

In addition, as in the standard Cox PH, this model can also be modified in a natural way
to consider more complex situations such as, for example, non-linear dependence between

Copyright © 2002 John Wiley & Sons, Ltd. Statist. Med. 2002; 21:3493-3510
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Figure 5. Box-plots of the estimations of the regression coefficients for the model In7 =7y,X; 4+ y,X> +¢

for a sample size n =200 and a censoring level =30%. The left panel presents the results for Stute’s

method and the right panel for Cox’s method. Within each panel, the left plot contains the estimates
for y; and the right one for 7;.

the lifetime and the explanatory variables [23], where f(.) is a known non-linear function.
It can be also extended to a partial model by adding a non-parametric component [24].
Thus, by using this additional term, we can consider situations where the functional effect
of some covariate is unknown or it is restrictive to assume some specific functional form,
In T =Xy+ f(Z)+e, situations with time-depending parameters for some covariate, In 7=Xy+
Zn(t) + ¢; or situations where the intercept changes with time in a non-parametric way,
InT=f(t)+Xy+e.

Hence the main conclusion is that Stute’s methodology appears as a very useful tool to
be taken into account in survival analysis and that some appealing extensions are possible,
although further research must be carried out along these lines.
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Table IV. Estimates of the parameters in equation (9) under uniform covariates (X;€UJ[O0,2],
X>€U[3,9]) and a log-normal distribution assumption, using two alternative estimation
procedures: y; =1, y,=3.

(a) Estimates with sample size n=>50

Censorship Stute Log-normal
il V2 N V2
10% 0.0019 —0.0030 0.0011 —0.0032
Standard error 0.2547 0.0826 0.2527 0.0817
30% —0.0048 —0.0055 —0.0053 —0.0027
Standard error 0.2982 0.1034 0.2785 0.0962
45% 0.0018 —0.0270 —0.0035 —0.0002
Standard error 0.3563 0.1434 0.3092 0.1227
(b) Estimates with sample size n=100
Censorship Stute Log-normal
N Y2 Vil V2
10% 0.0028 —0.0009 0.0036 —0.0011
Standard error 0.1823 0.0608 0.1809 0.0606
30% —0.0002 —0.0034 0.0008 —0.0017
Standard error 0.2175 0.0728 0.2044 0.0696
45% 0.0041 —0.0215 0.0031 —0.0009
Standard error 0.2671 0.0991 0.2246 0.0826
(c¢) Estimates with sample size n=200
Censorship Stute Log-normal
N V2 Ya V2
10% —0.0014 0.0006 —0.0017 0.0004
Standard error 0.1377 0.0436 0.1367 0.0436
30% —0.0023 —0.0019 —0.0017 —0.0011
Standard error 0.1653 0.0527 0.1566 0.0501
45% —0.0131 —0.0174 —0.0044 0.0003
Standard error 0.2109 0.0736 0.1733 0.0603

(d) Comparison of the MSE for Stute and the log-normal AFT methods.

Sample size

Censorship 10 per cent

Censorship 30 per cent

Censorship 45 per cent

Stute Log-normal Stute Log-normal Stute Log-normal
n= 50 0.0717 0.0705 0.0996 0.0868 0.1482 0.1106
n=100 0.0369 0.0364 0.0526 0.0466 0.0816 0.0572
n=200 0.0208 0.0205 0.0301 0.0270 0.0503 0.0336
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Table V. Estimates of the parameters in equation (9) under uniform covariates (X; €UJO0,2],
X,€U[3,9]) and a log-logistic distribution assumption, using two alternative estimation

procedures: y; =1, y,=3.

(a) Estimates with sample size n=>50

Censorship Stute Log-logistic
il Y2 N V2
10% Bias —0.0049 —0.0010 —0.0026 —0.0008
Standard error 0.2479 0.0990 0.2377 0.0950
30% Bias —0.0097 —0.0011 —0.0012 —0.0004
Standard error 0.2917 0.1199 0.2733 0.1100
45% Bias —0.0122 —0.0193 0.0079 0.0025
Standard error 0.3491 0.1557 0.3090 0.1309
(b) Estimates with sample size n=100
Censorship Stute Log-logistic
! V2 N V2
10% Bias —0.0044 —0.0004 —0.0048 —0.0002
Standard error 0.1877 0.0534 0.1785 0.0511
30% Bias —0.0054 —0.0009 —0.0068 0.0006
Standard error 0.2241 0.0670 0.2026 0.0615
45% Bias —0.0185 —0.0146 —0.0064 0.0034
Standard error 0.2764 0.0894 0.2233 0.0744
(c¢) Estimates with sample size n=200
Censorship Stute Log-logistic
il Y2 N V2
10% Bias —0.0003 0.0003 0.0008 0.0001
Standard error 0.1139 0.0399 0.1070 0.0379
30% Bias —0.0008 —0.0006 0.00007 0.0004
Standard error 0.1348 0.0475 0.1221 0.0438
45% Bias —0.0090 —0.0106 0.0018 0.0013
Standard error 0.1646 0.0670 0.1327 0.0529

(d) Comparison of the MSE for Stute

and the log-logistic AFT methods.

Sample Censorship 10 per cent Censorship 30 per cent Censorship 45 per cent
size Stute Log-logistic Stute Log-logistic Stute Log-logistic
n=>50 0.0708 0.0655 0.0995 0.0867 0.1466 0.1126
n=100 0.0381 0.0344 0.0547 0.0448 0.0849 0.0554
n=200 0.0145 0.0128 0.0204 0.0168 0.0317 0.0204

Copyright © 2002 John Wiley & Sons, Ltd.
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